Abstract. For an arbitrary even genus 2n we show that the subspace of Siegel cusp forms of degree 2n generated by Ikeda lifts of elliptic cusp forms can be characterized by certain linear relations among Fourier coefficients. This generalizes the classical Maass relations in genus two to higher degrees.
Introduction
The purpose of this paper is to give a characterization of the image of Ikeda's lifting by certain linear relations among Fourier coefficients.
Let us describe our results. Let us fix a positive integer n. We denote by T where α extends over all symmetric matrices of rank 2n with entries in Q p /Z p . Here, we put e p (x) = e −2π √ −1x ′ , where x ′ is the fractional part of x ∈ Q p , and ν(α) = [αZ 2n + Z 2n : Z 2n ]. As is well-known, b p (h, s) is a product of two polynomials γ p,h (p −s ) and F p,h (p −s ), where
and the constant term of F p,h is 1. Put F p,h (X) = X − ordp f h F p,h (p −n−1/2 X).
Then the following functional equation holds
F p,h (X) =F p,h (X −1 ).
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Ikeda constructed a lifting from S 2k (SL 2 (Z)) to S k+n (Sp 2n (Z)) for each positive integer k such that k ≡ n (mod 2).
Theorem (Ikeda [1] ). Let f ∈ S 2k (SL 2 (Z)) with k ≡ n (mod 2) be a normalized Hecke eigenform, the L-function of which is given by
Let g be a corresponding cusp form in the Kohnen plus space S + k+1/2 (4) under the Shimura correspondence. We define the function F on the upper half-space H n by
where
Here, we denote the m-th Fourier coefficient of g by c g (m). Then F is a cuspidal Hecke eigenform in S k+n (Sp 2n (Z)).
In [3] Kohnen defined an integer φ(d; h) for each h ∈ T + 2n and each positive integer d such that f h is divisible by d. He showed that
is a linear map from S + k+1/2 (4) to S k+n (Sp 2n (Z)), which on Hecke eigenforms coincides with the Ikeda lifting.
He also conjectured that if F ∈ S k+n (Sp 2n (Z)) has a Fourier expansion of the form
for some function c : {m ∈ N | (−1) k m ≡ 0, 1 (mod 4)} → C , then F belongs to the image of the map I n,k . If n = 1, then this conjecture comes down to saying that the Maass space coincides with the image of the Saito-Kurokawa lifting, and hence it is true.
Kohnen and Kojima proved the conjecture for all n with n ≡ 0, 1 (mod 4) in [4] . More precisely, they showed that
Let S be a positive definite symmetric even-integral matrices of size 2n − 1. We write J cusp k+n,S for the space of Jacobi cusp forms of weight k + n with index S (see §3 for definition). We write the S/2-th FourierJacobi coefficient of F by F S/2 . The map I k,n,S is defined by
We can take S with det S = 2 if n ≡ 0, 1 (mod 4). Then the map I n,k,S is an isomorphism and is given by
where (a, α) extends over all pairs (a, α)
. This is a key observation in [4] and proves the conjecture when n ≡ 0, 1 (mod 4).
As is well-known, there is no B with det(2B) = 2 if n ≡ 2, 3 (mod 4). However, we shall show the following:
Theorem (cf. Theorem 1.5). Under the notation above, there is g ∈ S + k+1/2 (4) with the following properties.
(
, then the following assertions holds:
We now give a sketch of our proof of Theorem 1.5. The space J
which has a Fourier expansion of the form
for some function C. Suppose that S is maximal. The main result in [6] states that the map I n,k,S can be extended to a canonical isomorphism from a certain space of modular forms of weight
(we recall a precise formulation in §3).
The difficulty in attacking the case when n ≡ 2, 3 (mod 4) is that I n,k,S (S + k+1/2 (4)) is a proper subspace of J cusp,M k+n,S if det S > 2. To solve the problem, we need the newform theory for modular forms of halfintegral weight, which we recall in §2. In §4 we see that the existence of a function c gives rise to g ∈ S + k+1/2 (4) such that
for all maximal S. This proves the conjecture for all n, and one could view the above condition as a natural generalization of Maass relations to higher genus.
Notation
We denote by S κ (Sp m (Z)) the space of Siegel cusp forms of weight κ with respect to the Siegel modular group Sp m (Z). Let T + m be the set of positive definite symmetric half-integral matrices of size m. We denote the h-th Fourier coefficient by c
We fix a positive integer n throughout this paper. For a non-zero element N ∈ Q, we denote the absolute value of the discriminant of
where [ ] is the Gauss bracket. To simplify notation, we abbreviate
AhA and h(A, B) = t AhB for a matrices A and B if they are well-defined.
Main Theorem
For an integer e, we define l e ∈ C[X,
For each prime number p, we put
(see Notation). Kohnen defined an integer φ(d; h) for each h ∈ T + 2n and each positive divisor d of f h (see [3] or [4] for the precise definition). Let us note that the proof of the main result in [3] states that
and the following theorem is a consequence of Ikeda's lifting, (4.2) and this formula.
Theorem 1.1 (Kohnen [3]). Under the notation of Ikeda's theorem,
We define the linear map I n,k :
Remark 1.4. Lemma 1.3 shows that the parameter c is not uniquely determined by
is also a parameter of F for each complex number a. We shall show that these are all parameters of F (cf. Corollary 4.4).
Our main result is the following:
k+1/2 (4) with the following properties: 
Modular forms of half-integral weight
We recall certain properties of newforms for the Kohnen plus space (see [5] for detail).
Fix a positive integer N such that 4 −1 N is square-free. The space of cusp forms of weight k + 1/2 with respect to Γ 0 (N) is denoted by S k+1/2 (N). We denote the m-th Fourier coefficient of h ∈ S k+1/2 (N) by c h (m). The Kohnen plus space S
The space of newforms
is the orthogonal complement of
where p extends over all prime divisors of 4 −1 N, in S 
LetT (p
2 ) (resp. T (p)) be the usual Hecke operator on the space of modular forms of half-integral (resp. integral) weight.
The reader who wishes to learn the following theorem and proposition can consult [5] .
Theorem 2.1.
( 
3.
Results of [6] It is useful to recall certain properties of Jacobi forms before we turn to the proof of Theorem 1.5 (see [6] for detail).
Let S be a positive definite symmetric even integral matrix of rank 2n
. A Jacobi cusp form Φ of weight κ with index S is a holomorphic function on H × C 2n−1 which satisfies the following conditions:
(ii) for every ξ, η ∈ L, we have
(iii) Φ has a Fourier expansion of the form
Let J cusp κ,S be the space of Jacobi cusp forms of weight κ with index S. For a place v of Q, we put
Here, let ( , ) v be the Hilbert symbol over Q v and h v the Hasse invariant (for the definition of the Hasse invariant, see [2] ).
Remark 3.1. As is well-known,
where ν p is the Witt index of S over Q p for each prime number p.
Let q p be the quadratic form on V p = L/pL defined by
We denote by s p (S) the dimension of the radical of (V p , q p ). We hereafter suppose that L is a maximal integral lattice with respect to S. Then s p (S) ≤ 2. Put S i = {p | s p (S) = i}. Let b S and d S be the product of rational primes in S 1 and in S 2 respectively. For a non-zero element N ∈ Q, the Laurent polynomial l p,S,N is defined by
is defined in the following way:
The reader who wishes to learn the following theorem and proposition can consult [6] . 
Suppose that The S/2-th Fourier-Jacobi coefficient F S/2 of F ∈ S κ (Sp 2n (Z)) is defined by
q a e(S(α, w)).
As is well-known, F S/2 is an element of J Proof. It suffices to prove that there exists a positive definite even integral lattice L with discriminant 2p. We equip a lattice M = Z with the quadratic form x → 2px 2 . This lattice is an even integral lattice with discriminant 2p. Let H ′ be a definite quaternion algebra over Q with discriminant p and fix a maximal order
ι . Then this is an even integral lattice with discriminant 2p. For each prime q, we define a lattice L q over Z q as follows: n m ≡ 0, 1 (mod 4) and
Proof. We have η p (B) = −1 by virtue of Lemma 4.1. Therefore Lemma 4.3 is a special case of the result in [6, §5] .
The following corollary is a consequence of Lemma 4.2 and 4.3.
Corollary 4.4. We have
We define the space S c g,h (a, α)q a e(2B(α, w)), where
Here Proof. Lemma 4.1 shows that η p (B) = −1 and hence the polynomial l q,2B,N specifies as follows:
If g and h are Hecke eigenforms, and {α q , α −1 q } and {β q , β −1 q } q =p are the Satake parameters of elliptic cusp forms corresponding to g and h respectively, then Theorem 2.1 shows that
We thus see that Φ B g,h is a sum of Jacobi forms associated with g and h in Theorem 3.3. Our statement is now immediate. 
Proof. Our assertion is a consequence of Proposition 3.4 and (4.2). This is also a special case of the result in [6, §12] such that D Ba,α = mp 2f , and from (4.3)
Thus Lemma 4.7 shows that c(mp
Since the Ramanujan-Petersson conjecture suggests that α q and β q are of modulus 1, (4.2) and (4.3) show that
for each prime q and every ǫ > 0. Hence c(mq 2f ) = O(q (k−1/2+ǫ)f ) for all rational primes q distinct from p. We can observe that this is a contradiction, replacing p with another rational prime. Next is the proof of Theorem 1.5. We can assume that n ≡ 2, 3 (mod 4) by [4] . We define g to be the function g B in Lemma 4.8, which is independent of the choice of B on account of Lemma 4.9. In view of Lemma 1.3 and Remark 1.4, the proof of Theorem 1.5 is now complete.
